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ABSTRACT 



We use the BLM method to fix the renormalization scale of the QCD coupling in ex- 
clusive hadronic amplitudes such as the pion form factor and the photon-to-pion tran- 
sition form factor at large momentum transfer. Renormalization-scheme-independent 
commensurate scale relations are established which connect the hard scattering sub- 
process amplitudes that control exclusive processes to other QCD observables such as 
the heavy quark potential and the electron-positron annihilation cross section. The 
commensurate scale relation connecting the heavy quark potential, as determined 
from lattice gauge theory, to the photon-to-pion transition form factor is in excel- 
lent agreement with 'je — > 7r°e data assuming that the pion distribution amplitude 
is close to its asymptotic form y/3f w x(l — x). We also reproduce the scaling and 
normalization of the 77 — > 7r + 7r~ data at large momentum transfer. Because the 
renormalization scale is small, we argue that the effective coupling is nearly constant, 
thus accounting for the nominal scaling behavior of the data. However, the normal- 
ization of the space-like pion form factor F n (Q 2 ) obtained from electroproduction 
experiments is somewhat higher than that predicted by the corresponding commen- 
surate scale relation. This discrepancy may be due to systematic errors introduced 
by the extrapolation of the 7*p — > n + n electroproduction data to the pion pole. 
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1 Introduction 



One of the most critical problems in making reliable predictions in quantum chro- 
modynamics is how to deal with the dependence of the truncated perturbative series 
on the choice of renormalization scale fi and scheme for the QCD coupling a s (n) 
|], H, ||. For processes such as jet production in e + e~ annihilation and heavy flavor 
production in hadron collision, where only the leading and next-to-leading predictions 
are known, the theoretical uncertainties from the choice of renormalization scale and 
scheme are larger than the experimental uncertainties. The ambiguities due to the 
renormalization conventions are compounded in processes involving more than one 
physical scale. 

Perturbative QCD has been used to analyze a number of exclusive processes in- 
volving large momentum transfers, including the decay of heavy hadrons to specific 
channels such as B — > titt and T — > pp, baryon form factors at large t, and fixed 9 c rn 
hadronic scattering amplitudes such as 7p — > -K + n at high energies. As in the case 
of inclusive reactions, factorization theorems for exclusive processes @, [5| allow the 
analytic separation of the perturbatively-calculable short-distance contributions from 
the long-distance non-perturbative dynamics associated with hadronic binding. For 
reviews of this formalism with many additional references, see || [?]] . 

The scale ambiguities for the underlying quark-gluon subprocesses are particu- 
larly acute in the case of QCD predictions for exclusive processes, since the running 
coupling a s enters at a high power. Furthermore, since each external momentum 
entering an exclusive reaction is partitioned among the many propagators of the un- 
derlying hard-scattering amplitude, the physical scales that control these processes 
are inevitably much softer than the overall momentum transfer. Exclusive process 
phenomenology is further complicated by the fact that the scales of the running 
couplings in the hard-scattering amplitude depend themselves on the shape of the 
hadronic wavefunctions. 

The renormalization scale ambiguity problem can be resolved if one can optimize 
the choices of scale and scheme according to some sensible criteria. In the BLM 
procedure, the renormalization scales are chosen such that all vacuum polarization 
effects from the QCD j3 function are re-summed into the running couplings. The 
coefficients of the perturbative series are thus identical to the perturbative coefficients 
of the corresponding conformally invariant theory with (3 = 0. The BLM method has 
the important advantage of "pre-summing" the large and strongly divergent terms in 
the PQCD series which grow as n\(a s /3o) n , i.e., the infrared renormalons associated 
with coupling constant renormalization ||, |9| . Furthermore, the renormalization scales 
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Q* in the BLM method are physical in the sense that they reflect the mean virtuality 
of the gluon propagators || || |H], |TT| . In fact, in the «y(Q) scheme, where the QCD 
coupling is defined from the heavy quark potential, the renormalization scale is by 
definition the momentum transfer caused by the gluon. 

In this paper we will use the BLM method to fix the renormalization scale of the 
QCD coupling in exclusive hadronic amplitudes such as the pion form factor, the 
photon-to-pion transition form factor and 77 — > 7t + tt~ at large momentum trans- 
fer. Renormalization-scheme-independent commensurate scale relations will be es- 
tablished which connect the hard scattering subprocess amplitudes that control these 
exclusive processes to other QCD observables such as the heavy quark potential and 
the electron-positron annihilation cross section. Because the renormalization scale is 
small, we will argue that the effective coupling is nearly constant, thus accounting for 
the nominal scaling behavior of the data O. O . 



2 Renormalization Scale Fixing in Exclusive Pro- 
cesses 

A basic principle of renormalization theory is the requirement that the relations be- 
tween physical observables must be independent of renormalization scale and scheme 
conventions to any fixed order of perturbation theory fl4 |. This property can be 



explicitly expressed in the form of "commensurate scale relations" (CSR) |15|]. A 
primary example of a CSR is the generalized Crewther relation Jl5|, |16| , in which the 
radiative corrections to the Bjorken sum rule for deep inelastic lepton-proton scatter- 
ing at a given momentum transfer Q are predicted from measurements of the e + e~ 
annihilation cross section at a corresponding commensurate energy scale yfs oc Q. 

A scale-fixed relation between any two physical observables A and B can be de- 
rived by applying BLM scale-fixing to their respective perturbative predictions in, 
say, the MS scheme and then algebraically eliminating <yjfg- The choice of the BLM 
scale ensures that the resulting CSR between A and B is independent of the choice 



of the intermediate renormalization scheme ||15|| . Thus, using this formalism one can 
relate any perturbatively calculable observables, such as the annihilation ratio R e + e -, 
the heavy quark potential, and the radiative corrections to structure function sum 
rules, to each other without any renormalization scale or scheme ambiguity (T7I . 



The heavy-quark potential V(Q 2 ) can be identified via the two-particle- irreducible 
scattering amplitude of test charges, i.e., the scattering of an infinitely- heavy quark 
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and antiquark at momentum transfer t = —Q 2 . The relation 

with C F = (N^ - l)/2N c = 4/3, then defines the effective charge a v (Q). This 
coupling provides a physically-based alternative to the usual MS scheme. Recent 
lattice calculations have provided strong constraints on the normalization and shape 
of a v (Q 2 ). 

As in the corresponding case of Abelian QED, the scale Q of the coupling olv{Q) 
is identified with the exchanged momentum. All vacuum polarization corrections due 
to fermion pairs are incorporated in the usual vacuum polarization kernels defined 
in terms of physical mass thresholds. The first two terms (3q = 11 — 2n//3 and 
(3\ = 102 — 38rif/3 in the expansion of the (3 function defined from the logarithmic 
derivative of ay(Q) are universal, i.e., identical for all effective charges at Q 2 S> 4m 2 . 
The coefficient fii for ay has recently been calculated in the MS scheme [ |18|] . 

The scale-fixed relation between ay and the conventional MS coupling is 

MQ) = *Ms(e- 5/6 Q) (l - + ■■■), (2) 

above or below any quark mass threshold. The factor e -5 / 6 ~ 0.4346 is the ratio of 
commensurate scales between the two schemes to this order. It arises because of the 
conventions used in defining the modified minimal subtraction scheme. The scale in 
the MS scheme is thus a factor ~ 0.4 smaller than the physical scale. The coefficient 
2C*a/3 in the NLO term is a feature of the non- Abelian couplings of QCD; the same 
coefficient would occur even if the theory were conformally invariant with /3 = 0. 

As we shall see, the coupling ay provides a natural scheme for computing ex- 
clusive amplitudes. Once we relate, e.g., form factors to effective charges based on 
observables, there are no ambiguities due to scale or scheme conventions. 

The use of ay as the expansion parameter with BLM scale-fixing has also been 
found to be valuable in lattice gauge theory, greatly increasing the convergence of 
perturbative expansions relative to those using the bare lattice coupling In fact, 



new lattice calculations of the T spectrum [I9| have been used to determine the 
normalization of the static heavy quark potential and its effective charge: 

af (8.2 GeV) = 0.196(3), (3) 

where the effective number of light flavors is n/ = 3. The corresponding modified 
minimal subtraction coupling evolved to the Z mass using Eq. (0) is given by 

a%{M z ) = 0.115(2). (4) 
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This value is consistent with the world average of 0.117(5), but is significantly more 
precise. These results are valid up to NLO. 

Exclusive processes are particularly challenging to compute in quantum chromo- 
dynamics because of their sensitivity to the unknown non-perturbative bound state 
dynamics of the hadrons. However, in some important cases, the leading power-law 
behavior of an exclusive amplitude at large momentum transfer can be computed 
rigorously via a factorization theorem which separates the soft and hard dynamics. 
For example, the leading 1/Q 2 fall-off of the meson form factors can be computed as 
a perturbative expansion in the QCD coupling ||, ||: 

F M (Q 2 ) = ( dx [ dy(fi M (x,Q)T H (x,y,Q 2 )(f)M(y,Q), (5) 

JO JO 

where 4>m(x,Q) is the process- independent meson distribution amplitude, which en- 
codes the non-perturbative dynamics of the bound valence Fock state up to the res- 
olution scale Q, and 

Th(x, y,Q)= {l _ x)[l _ y)Q2 (1 + 0{a s )) (6) 

is the leading-twist perturbatively-calculable subprocess amplitude r y*q(x)q(l —x)^ 
q(y)q(l — y), obtained by replacing the incident and final mesons by valence quarks 
collinear up to the resolution scale Q. The contributions from non-valence Fock states 
and the correction from neglecting the transverse momentum in the subprocess am- 
plitude from the non-perturbative region are higher twist, i.e., power-law suppressed. 
The transverse momenta in the perturbative domain lead to the evolution of the 
distribution amplitude and to next-to-leading-order (NLO) corrections in a s . The 
contribution from the endpoint regions of integration, x ~ 1 and y ~ 1, are power- 
law and Sudakov suppressed and thus can only contribute corrections at higher order 
in 1/Q i. 

The distribution amplitude <p(x, Q) is boost and gauge invariant and evolves in 
InQ through an evolution equation [|J. It can be computed from the integral over 
transverse momenta of the renormalized hadron valence wavefunction in the light-cone 
gauge at fixed light-cone time ||: 

0( x ,q) = f d 2 k ± e (q 2 - r ) ^(X,kl). (7) 

J \ x{± — X) I 

The physical pion form factor must be independent of the separation scale Q. The 
natural variable in which to make this separation is the light-cone energy, or equiva- 
lently the invariant mass M 2 = k± /x(l — x), of the off-shell partonic system 0, M. 
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Any residual dependence on the choice of Q for the distribution amplitude will be 
compensated by a corresponding dependence of the NLO correction in T#. However, 
the NLO prediction for the pion form factor depends strongly on the form of the pion 
distribution amplitude as well as the choice of renormalization scale fi and scheme. 

It is straightforward to obtain the commensurate scale relation between F n and 
ay following the procedure outlined above. The appropriate BLM scale for F n is 
determined from the explicit calculations of the NLO corrections given by Dittes and 
Radyushkin [21]] and Field et al. |[22| . These may be written in the form (A(fi)rif + 
B(fi))a s /7i, where A is independent of the separation scale Q. The nf dependence 
allows one to uniquely identify the dependence on /3 , which is then absorbed into the 
running coupling by a shift to the BLM scale Q* = e 3A( ^/i. An important check of 
self-consistency is that the resulting value for Q* is independent of the choice of the 
starting scale \i. 

Combining this result with the BLM scale- fixed expression for ay, and eliminating 
the intermediate coupling, we find 



v, 



FAQ) = I dxMx)J Q d yMy) {1 _ x){1 _ y)Q2 [i + Cv— 

= -4 £ dx<j>Ax) f Q dy<PMV{Q 2 v ) (l + Cy^^j , (8) 

where Cy = —1.91 is the same coefficient one would obtain in a conformally invariant 
theory with (3 = 0, and Q v = (1 — x)(l —y)Q 2 . In this analysis we have assumed that 
the pion distribution amplitude has the asymptotic form cf) w = ^/Sf^x^ — x), where 
the pion decay constant is ~ 93 MeV. In this simplified case the distribution 
amplitude does not evolve, and there is no dependence on the separation scale Q. 
This commensurate scale relation between F n (Q 2 ) and (ay(Qy)) represents a general 
connection between the form factor of a bound-state system and the irreducible kernel 
that describes the scattering of its constituents. 

Alternatively, we can express the pion form factor in terms of other effective 
charges such as the coupling a^-y/i) that defines the QCD radiative corrections to 
the e + e~ — * X cross section: R(s) = 3Seg (1 + an(y/s)/7i) . The CSR between ay 
and an is 

MQv)=a R {Q^{l-~^ + -..), (9) 
where the ratio of commensurate scales to this order is Qr/Qv = e 23//12_2< > 3 ~ 0.614. 



If we expand the QCD coupling about a fixed point in NLO fL0 |: a s (Q 



!Vj 



a s (Qo) [1 — (Poa s (Qo)/2Tr)\n(Qy /Q )], then the integral over the effective charge in 
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Eq. (pj) can be performed explicitly. Thus, assuming the asymptotic distribution 
amplitude, the pion form factor at NLO is 

where Q* = e~ 3 / 2 Q. In this approximation InQ* 2 = (ln(l— x)(l— y)Q 2 ), in agreement 
with the explicit calculation. A striking feature of this result is that the physical scale 
controlling the meson form factor in the ay scheme is very low: e" 3 / 2 Q ~ 0.22Q, 
reflecting the characteristic momentum transfer experienced by the spectator valence 
quark in lepton-meson elastic scattering. 

We may also determine the renormalization scale of ay for more general forms 
of the coupling by direct integration over x and y in Eq. (|8|), assuming a specific 
analytic form for the coupling. Notice, however, that small corrections to the BLM 
scale will be compensated by a corresponding change in the NLO coefficient. 

Another exclusive amplitude of interest is the transition form factor between a 
photon and a neutral hadron such as F^ n (Q 2 ), which has now been measured up 
to Q 2 < 8 GeV 2 in the tagged two-photon collisions e7 — > e'n by the CLEO and 
CELLO collaborations. In this case the amplitude has the factorized form 

F lM {Q 2 ) = i= £ dx<p M (x, Q 2 )T 7 l M (x, Q 2 ), (11) 

where the hard scattering amplitude for 77* — > qq is 

Tfuix, Q 2 ) = _ 1 2 (1 + 0(a s )) . (12) 



The leading QCD corrections have been computed by Braaten |p3fl ; however, the NLO 
corrections are necessary to fix the BLM scale at LO. Thus it is not yet possible to 
rigorously determine the BLM scale for this quantity. We shall here assume that 
this scale is the same as that occurring in the prediction for F % . For the asymptotic 
distribution amplitude we thus predict 

Q 2 F 7 .(g 2 ) = 2/^l-^^^). (13) 

As we shall see, given the phenomenological form of ay we employ (discussed below), 
this result is not terribly sensitive to the precise value of the scale. 

An important prediction resulting from the factorized form of these results is that 
the normalization of the ratio 

- (i4) 
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<We" 14/6 Q) (l - 0-56^) (15) 
a v (e- 3/2 Q) (l + 1.43^) (16) 
a R (e 5 / 12 -^Q) (l - 0.65^) (17) 



is formally independent of the form of the pion distribution amplitude. The aj^ cor- 
rection follows from combined references ETI, 123. The next-to-leading correction 



given here assumes the asymptotic distribution amplitude. 

We emphasize that when we relate R v to ay or a R we relate observable to observ- 
able and thus there is no scheme ambiguity. The coefficients —0.56, 1.43 and —0.65 
in Eqs. (|T5|)-(|T7|) are identical to those one would have in a theory with j3 = 0, i.e., 
conformally invariant theory. 

Contrary to the discussion by Chyla ^ , the optimized Q* is always scheme 



dependent. For example, in the MS scheme one finds Qjg-g = e 5 / 3 (l — x) (1 —y)Q 2 for 

~1 2 \ HO Ol tt t\t\ nvnnn l in \rt r\ *~\ • _ _ in / *T""* r\ nr» r\ 4- \~t /~\ T—J T 1\/T t 1 z' * . ^ 1 /" \ in /^~) 2 / "1 ,-v» "\ ( 1 /ii^ 2 



F^Q 2 ) @ |, whereas in the a v scheme the BLM scale is Q\ = (l-x)(l-y)Q 2 . The 
final results connecting observables are of course scheme- independent. The result for 
Qy is expected since in the ay scheme the scale of the coupling is identified with the 
virtuality of the exchanged gluon propagator, just as in the usual QED scheme, and 
here, to leading twist, the virtuality of the gluon is —(1 — x)(l — y)Q 2 . The resulting 
relations between the form factors and the heavy quark coupling are independent of 
the choice of intermediate renormalization scheme, however; they thus have no scale 
or scheme ambiguities. 

3 The Behavior of the QCD Coupling at Low Mo- 
mentum 

Effective charges such as ay and a R are defined from physical observables and thus 
must be finite even at low momenta. The conventional solutions of the renormalization 
group equation for the QCD coupling which are singular at Q ~ Aqcd are not accurate 
representations of the effective couplings at low momentum transfer. It is clear that 
more parameters and information are needed to specify the coupling in the non- 
perturbative domain. 

A number of proposals have been suggested for the form of the QCD coupling in 
the low-momentum regime. For example, Parisi and Petronzio ]25] have argued that 
the coupling must freeze at low momentum transfer in order that perturbative QCD 
loop integrations be well defined. Similar ideas may be found in [p6fl. Mattingly and 



9 



Stevenson |27j have incorporated such behavior into their parameterizations of oir at 
low scales. Gribov 125] has presented novel dynamical arguments related to the nature 



of confinement for a fixed coupling at low scales. Born et al. have noted the heavy 
quark potential must saturate to a Yukawa form since the light-quark production 
processes will screen the linear confining potential at large distances. Cornwall 



and others |3T|, |32| have argued that the gluon propagator will acquire an effective 
gluon mass m g from non-perturbative dynamics, which again will regulate the form 
of the effective couplings at low momentum. In this work we shall adopt the simple 
parameterization 

MQ) = z 4 !,. ,x , (is) 



A) In 



l2 +4rrt : 



which effectively freezes the ay effective charge to a finite value for Q 2 < Am 2 . 

We can use the non-relativistic heavy quark lattice results |T9| , |33| to fix the 
parameters. A fit to the lattice data of the above parameterization gives Ay = 
0.16 GeV if we use the well-known momentum-dependent rif Furthermore, 
the value m 2 = 0.19 GeV 2 gives consistency with the frozen value of advocated 
by Mattingly and Stevenson |27]]. Their parameterization implies the approximate 
constraint au(Q)/7r ~ 0.27 for Q = y^s < 0.3 GeV, which leads to ay (0.5 GeV) ~ 
0.37 using the NLO commensurate scale relation between ay and a^. The resulting 
form for ay is shown in Fig. |l|. The corresponding predictions for an and ajjg using 
the CSRs at NLO are also shown. Note that for low Q 2 the couplings, although 
frozen, are large. Thus the NLO and higher-order terms in the CSRs are large, and 
inverting them perturbatively to NLO does not give accurate results at low scales. 
In addition, higher-twist contributions to ay and a^, which are not reflected in the 
CSR relating them, may be expected to be important for low Q 2 p5| . 

It is clear that exclusive processes such as the pion and photon to pion transition 
form factors can provide a valuable window for determining the magnitude and the 
shape of the effective charges at quite low momentum transfers. In particular, we can 
check consistency with the ay prediction from lattice gauge theory. A complimentary 
method for determining ay at low momentum is to use the angular anisotropy of 
e + e _ — > QQ at the heavy quark thresholds It should be emphasized that the 
parameterization flUf ) is just an approximate form. The actual behavior of ay(Q 2 ) 
at low Q 2 is one of the key uncertainties in QCD phenomenology. In this paper we 
shall use exclusive observables to deduce information on this quantity. 
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Figure 1: The coupling function ay{Q 2 ) as given in Eq. (|18|). Also shown are the 
corresponding predictions for oc^g and following from the NLO commensurate 
scale relations [Eqs. (|2|) and (H)]. 

4 Applications 



As we have emphasized, exclusive processes are sensitive to the magnitude and shape 
of the QCD couplings at quite low momentum transfer: Qy ~ e~ 3 Q 2 ~ Q 2 /20 
and Q* R 2 ~ Q 2 /50 [0. The fact that the data for exclusive processes such as form 
factors, two photon processes such as 77 — > 7r + 7r~, and photoproduction at fixed 
Q c .ra. are consistent with the nominal scaling of the leading-twist QCD predictions 
(dimensional counting) at momentum transfers Q up to the order of a few GeV can 
be immediately understood if the effective charges ay and are slowly varying 
at low momentum. The scaling of the exclusive amplitude then follows that of the 
subprocess amplitude T H with effectively fixed coupling. Note also that the Sudakov 
effect of the endpoint region is the exponential of a double log series if the coupling 
is frozen, and thus is strong. 

In Fig. we compare the recent CLEO data [3S| for the photon to pion transition 
form factor with the prediction 



(19) 



The flat scaling of the Q 2 F 17T (Q 2 ) data from Q 2 = 2 to Q 2 = 8 GeV 2 provides an 
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Figure 2: The 7 — > 7r° transition form factor. The solid line is the full predic- 
tion including the QCD correction [Eq. fllPPI; the dotted line is the LO prediction 
Q 2 F 7n (Q 2 ) = 2U. 



important confirmation of the applicability of leading twist QCD to this process. The 
magnitude of Q 2 F 7n (Q 2 ) is remarkably consistent with the predicted form assuming 
the asymptotic distribution amplitude and including the LO QCD radiative correction 
with a v {e- 3 / 2 Q)/n ~ 0.12. Radyushkin ||, Ong f4| and Kroll g| have also noted 
that the scaling and normalization of the photon-to-pion transition form factor tends 
to favor the asymptotic form for the pion distribution amplitude and rules out broader 
distributions such as the two- humped form suggested by QCD sum rules [fS[. One 



cannot obtain a unique solution for the non-perturbative wavefunction from the F 7r7 
data alone. However, we have the constraint that 



\ 5 av(Q* 

3 7T 



0.8 



(20) 



(assuming the renormalization scale we have chosen in Eq. ([13]) is approximately 
correct). Thus one could allow for some broadening of the distribution amplitude 
with a corresponding increase in the value of ay at low scales. 

In Fig. ^ we compare the existing measurements of the space-like pion form 
factor F n (Q 2 ) [43, (obtained from the extrapolation of 7*p — ► n + n data to the 



pion pole) with the QCD prediction (|l~0|), again assuming the asymptotic form of 
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Figure 3: The space-like pion form factor. 
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the pion distribution amplitude. The scaling of the pion form factor data is again 
important evidence for the nominal scaling of the leading twist prediction. However, 
the prediction is lower than the data by approximately a factor of 2. The same 
feature can be seen in the ratio R n (Q 2 ) (Fig. |j), in which the uncertainties due to 
the unknown form of the pion distribution amplitude tend to cancel out. 

We can estimate the sensitivity of these results to the choice of distribution ampli- 
tude by comparing the results for the asymptotic amplitude to, e.g., those obtained 
using the Chernyak-Zhitnitshy (CZ) form. A full analysis at NLO of this kind is 
somewhat beyond the scope of the present work, however, because of the need to 
include the full 0(a 2 ) evolution of the CZ amplitude in order to consistently calcu- 
late to NLO. At LO, however, we find that F n is increased by roughly a factor of 
three for the CZ amplitude (relative to the LO result for the asymptotic amplitude, 
of course), while F 77r increases by a factor of about 1.5. These estimates are probably 
quite crude, but give an indication of the typical range over which the results can 
vary. 

We have also analyzed the 77 — > data. These data exhibit true leading- 

twist scaling (Fig. |6|), so that one would expect this process to be a good test of 
theory. One can show ||5j that, to LO, 

I (77 -> VT+7T-) = 4|F 7r (.)| 2 

§ (77 ^fi+fi-) l-cos 4 # c . m . 1 1 

in the cm. system (CMS), where dt = (s/2)d(cos9 cm ) and here F n (s) is the time- 
like pion form factor. The ratio of the time-like to space-like pion form factor for the 
asymptotic distribution amplitude is given by 

l^i" e) (-Q 2 )l = K(-Q* 2 )l (22) 

F ( S pacelike) ,q 2 s Ct V (Q* 2 ) ' { ' 

If we simply continue Eq. ([TJj) to negative values of Q 2 (Fig. ||), then for 1 < Q 2 < 10 
GeV 2 , and hence 0.05 < Q* 2 < 0.5 GeV 2 , the ratio of couplings in Eq. ( j22"|) is 
of order 1.5. Of course this assumes the analytic application of Eq. (Pf). Thus 
if we assume the asymptotic form for the distribution amplitude, then we predict 
F (timeiike)(_Q2j _ ( Q 3 GeV 2 )/Q 2 and hence 



f (77 - 7^-) .36 1 



(23) 



f(77->/* + 0-) s 2 l-cos 4 ^ c . m .' 

The resulting prediction for the combined cross section^] (7(77 — > 7r + 7r~, K + K~) is 

TThe contribution from kaons is obtained at this order simply by rescaling the prediction for 
pions by a factor (fx/ fir) 4 — 2.2. 
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Figure 5: Continuation of Eq. ([18]) to negative Q 2 . Note that Q* 



- 3 Q 2 . 



shown in Fig. || along with the data of Ref . |46|] . Considering the possible contribu- 
tion of the resonance /2(1270), the agreement is reasonable. 

It should be noted that the leading-twist prediction Q 2 p( timehke )^Q 2s j = 0.3 
GeV 2 is a factor of two below the measurement of the pion form factor obtained 
from the J ftp — > 7r + 7r~ branching ratio. The J/ip analysis assumes that the 7r + 7r~ 
is created only through virtual photons. However, if the J/ip — ► 7r + 7r~ amplitude 
proceeds through channels such as 'ygg, then the branching ratio is not a precise 
method for obtaining p( timehke )_ it is thus important to have direct measurement of 
the e + e~ — > 7r + 7r~ amplitude off-resonance. We also show the prediction for the pion 
form factor in the time-like region compared with the data of Bollini et al. [|7 
Fig. [7J We emphasize that the normalization of the prediction 



m 



pi(timelike) ^ q2 



IML ( n*h 
-^a v {-Q ) 

0.3 GeV 2 



1-1.9^) 

7T / 



(24) 



Q 2 

assumes the asymptotic form for the pion distribution amplitude and the form of ay 
given in Eq. (|18), with the parameters m 2 = 0.19 GeV 2 and Ay = 0.16 GeV. There 



is clearly some room to readjust these parameters. However, even at the initial stage 
of approximation done in this paper, which includes NLO corrections at the BLM 
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Figure 6: Two-photon annihilation cross section (7(77 
of CMS energy, for | cos0*| < 0.6. 
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Figure 7: Pion electromagnetic form factor in the time-like region. 
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scale, there is no significant discrepancy with the relevant experiments. 

The values for the space-like pion form factor F n (Q 2 ) obtained from the extrap- 
olation of 7*p — > TT + n data to the pion pole thus appear to be systematically higher 
in normalization than predicted by commensurate scale relations; however, it should 
be emphasized that this discrepancy may be due to systematic errors introduced by 
the extrapolation procedure ||48|| . What is at best measured in electroproduction is 
the transition amplitude between a mesonic state with an effective space-like mass 
m 2 = t < and the physical pion. It is theoretically possible that the off-shell form 
factor F^(Q 2 ,t) is significantly larger than the physical form factor because of its bias 
towards more point-like qq valence configurations in its Fock state structure. The 
extrapolation to the pole at t = also requires knowing the analytic dependence of 
F n (Q 2 ,t) on t. These considerations are discussed further in Ref. J49|. If we assume 
that there are no significant errors induced by the electroproduction extrapolation, 
then one must look for other sources for the discrepancy in normalization. Note that 
the NLO corrections in Eqs. ( PD and ( JT5| ) are of order 20-30%. Thus there may be 
large contributions from NNLO and higher corrections which need to be re-summed. 
There are also possible corrections from pion rescattering in the final state of the elec- 
troproduction process. It thus would be very interesting to have unambiguous data 
on the pion form factors from electron-pion collisions, say, by scattering electrons 
on a secondary pion beam at the SLAC Linear Collider. In addition, it is possible 
that pre-asymptotic contributions from higher-twist or soft Feynman-type physics are 
important. 

We also note that the normalization of ay could be larger at low momentum than 
our estimate. This would also imply a broadening of the pion distribution amplitude 
compared to its asymptotic form since one needs to raise the expectation value of 
1/(1 — x) in order to maintain consistency with the magnitude of the F 17T (Q 2 ) data. 
A full analysis will then also require consideration of the breaking of scaling from the 
evolution of the distribution amplitude. 

In any case, we find no compelling argument for significant higher-twist contri- 
butions in the few GeV regime from the hard scattering amplitude or the endpoint 
regions, since such corrections violate the observed scaling behavior of the data. 

The time-like pion form factor data obtained from e + e~ — > 7r + 7r~ annihilation 
does not have complications from off-shell extrapolations or rescattering, but it is 
also more sensitive to nearby vector meson poles in the t channel. If we analytically 
continue the leading twist prediction and the effective form of ay to the time-like 
regime, we obtain the prediction shown in Fig. [7], again assuming the asymptotic 
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form of the pion distribution amplitude. 

The analysis we have presented here suggests a systematic program for estimating 
exclusive amplitudes in QCD. The central input is av(0), or 



which largely controls the magnitude of the underlying quark-gluon subprocesses 
for hard processes in the few-GeV region. In this work, the mean coupling value for 
Qq ~ 0.5 GeV 2 is ay — 0.38. The main focus will then be to determine the shapes and 
normalization of the process-independent meson and baryon distribution amplitudes. 

5 Conclusions 

In this paper we have shown that dimensional counting rules emerge if the effective 
coupling ay(Q*) is approximately constant in the domain of Q* relevant to the hard 
scattering amplitudes of exclusive processes. In the low-Q* domain, evolution of the 
quark distribution amplitudes is also minimal. Furthermore, Sudakov suppression of 
the long-distance contributions is strengthened if the coupling is frozen because of 
the exponentiation of a double log series. The Ansatz of a frozen coupling at small 
momentum transfer has not been demonstrated from first principles. However, the 
behavior of exclusive amplitudes point strongly to scaling behavior in the kinematic 
regions we discussed. We have also found that the CSR connecting the heavy quark 
potential, as determined from lattice gauge theory, to the photon-to-pion transition 
form factor is in excellent agreement with 7e — > ir°e data assuming that the pion dis- 
tribution amplitude is close to its asymptotic form y/3f n x(l — x). We also reproduce 
the scaling and normalization of the 77 — > 7r + 7r~ data at large momentum transfer. 
However, the normalization of the space-like pion form factor F n (Q 2 ) obtained from 
electroproduction experiments is somewhat higher than that predicted by the corre- 
sponding commensurate scale relation. This discrepancy may be due to systematic 
errors introduced by the extrapolation of the j*p — > n + n electroproduction data to 
the pion pole. 




(25) 
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